I'JI. 3. 9JIEMEHTBI KOMBUHATOPUKH

[TonsiTe KOMOMHATOPHOM 3a7]auX HE UMEET CTPOTOro OMpeeIeHus. 3a1auy UMEET CMbICI Ha3bIBaTb KOMOUHAMOPHOU
(nepeboproil), €CIU €€ PelICHHEe COCTOUT B Tiepedope 3IIeMeHTOB x MHOXKecTBa X. Takoe onpeencHre OMUChIBACT HE CaMy
3aJady, a cCKopee e€ pellieHue, Tak Kak 0Y4eHb OOJIBIIOE KOJIMYESCTBO PEATBHBIX 33]ad — 33J]aud MePeOOPHBIC M TONBKO IS
HEKOTOPBIX HaWJICHEI CITOCOOKI M30eraTh mepedopa.

Komoéunamopuxa - 310 pa3genl MaTeMaTUK{, CBSI3aHHBI ¢ METOJaMH IOJCYETa YHcla OOBEKTOB OMpEICICHHOMN
npupozsl. PaccmaTtpuBaeMbie 00BEKTHI, KaK MPaBUIIO, SBISIOTCS ONpPEICICHHBIMA KOMOWHAIIMAMH YHCEll, OYKB, IPEAMETOB
U T.1.

OcHosénaa 3a0aua KoMOUHamopuku - U3ydeHWE BOIPOCOB CIEAYIOUIETO THIIAa O KOHEYHBIX MHO)KecTBax. Ecim Hac
UHTEPECYET, CKOIbKO 3leMeHmos, TPHUHAMISKAMUX KOHEYHOMY MHOMKECTBY, 00JIaZaeT HEKOTOPHIM CBOICTBOM HWIIH
COBOKYITHOCTBIO CBOWCTB, TO 3TO - 3adaua nepecuemd. Ecim Xe TPH 3TOM HHTEPECOBATBCA CHUCKOM JJ1eMeHmO8,
00J1aIar0IUX 3THM CBOMCTBOM, TO MPHUXOIUM K 3adaue nepeyucienusi. ECIU e mepecyer NPUBOAUT K CIUIIKOM OOJBIITHM
YHciIaM, 4YTO YacTO CIIy4aeTcs B KOMOMHATOPHKE, TO OTKA3bIBAIOTCSA OT MEPEUYHCICHUS U TOJBKO Kraccuguyupyom
9eMeHmbl C TIOMOIIIBIO KaKOT0-JTHO0 COOTHOIICHUS - 90 3A0aua K1acCUGUKayuu.

Ecmu crienuanbHO HE OTOBOPEHO MHOE, TO BCE MHOXKECTBA B HAIIMX PACCMOTPEHUSIX OyIyT KOHCYHBIMU, T.C. TAKHMH,
yT10 |A|K .

§1. OcHoBHBIC MpaBHIa

Ilpasuno cymmor: Ecnu snemenm a€ A moocno evibpame n cnocobamu, a snemenm be B - m cnocobamu, mo
svi6op onemenma x € AU B mooicro ocywecmeums n+m cnocobamu.

WHbIMH CIIOBaMH, €CJIM yAeTCs pa30uTh BCE M3y4aeMble OOBEKThI Ha HECKOJIBKO KIIACCOB, MPHYEM KaXIbIH OOBEKT
BXOJIUT B OJIMH U TOJIKO OJIMH KJIACC, TO 00IIee YUCII0 00BEKTOB PAaBHO CyMME YHCeNl 00BEKTOB BO BCEX KIIaCCax.

Wnu, nHave, eciid Bce 00BEKTHI ACIATCSA Ha & B3aMMOHMCKITIOYAIOIINX TUIIOB, IIPHYEM MMEETCS 71, 00BEKTOB 1-T0 THIIA, 1)
00beKTa 2-T0 THIIA,.. ., 1 00BEKTOB k-I0 THIIA, TO 00IIEE YHUCIO OOBEKTOB €CTh /1|ty ... T 1.

ITpumep. Ecnu Ha 0J1HO# NOJIKE KHIDKHOTO 1IKada ctouT 30 pa3inuHbIX KHUT, a Ha Ipyroi - 40 pa3nuyHbIX KHUT (1
HET TaKMX, KaK Ha MEePBOii MOJIKE), TO BHIOPAThH OJIHY KHHUTY M3 CTOSIIUX Ha 3TUX ToJyikax MoxkHO 30+40=70 criocobamu.

Ilpaguno ymnosncenun (0cnoenoe npaguino komounamopuku): Eciu snemenm a € A ModucHo 6blb6pams n
cnocobamui, u eciu Nocie Kaxcoo2o makozo evloopa siemenm b € B mooicno evibpams m cnocobamu, mo 6b100p napvi
(a,b) € AxB 6 yxasannom nopsoKke MOICHO OCYUECmEUms n-m CHOCOOAMU.

WHpIMH CITOBaMH, MyCTh HYXXHO YCTaHOBHTH, CKOJBKHMMH CIIOCOOAMH MOKHO OCYILIECTBHTh HEKOTOPOE JeHCTBHE.
[peArnosaokuM TaKxe, 4T0 yaauoch pa3OUTh 3TO ACHCTBUE HA JBE YacTH, MPUYEM IMEPBYI0 4aCTh MOXKHO OCYIIECTBHUTH 71
croco0amu, a BTOPYIO 4acTh - m crnocobamu. Torna o4eBHIHO, YTO BCE NEHCTBHE LETUKOM MOXKHO OCYILECTBUTH 71 ° M
criocodamm.

C MOMOIIBI0 METOZa MATEeMAaTHUCCKOW MHAYKIIUK 3TO MPABWIO 0000IaeTcss Ha Jr000¢ KOHESUHOE YHCIO MHOXKECTR:
€CJIM UMEETCs k KOHEUHBIX MHOXKECTB A, Ay, ..., A; TO YUCIIO BCEBO3MOXKHBIX HA00OPOB (), @y, ..., a), [€ a, € A;, paBHO

41| Aal"...c| Al

Ilpumep. V3 ropona A B ropox b Bexer 6 nopor, u3 ropoaa b B ropoa B - 4 moporu, u 60bI1e HUKaKuX JOPOT U3 dTHUX
ropofioB He BBIXOAUT. CKOJBKHUMH CIIOCOOaMH MOKHO TpoexaTh W3 ropojga A B ropox B? Bcero momydaem 6-4=24
cniocoba mpoesfa.

Ilpumep. CKONBKO CyIIECTBYET ITH3HAYHBIX YHCEJI, KOTOPHIE OJIMHAKOBO YNTAIOTCS CIIEBA HANPABO U CIIpaBa HaJIeBO?
Hudpa paspsma necatkoB Thicsid M IMppa paspsga €AWHHIl JIODKHBI OBITH OJMHAKOBBIMM, He paBHbIMH 0 (9
BO3MOXKHOCTEH); IM(pa paspsaa ThICAY M paspsiia AECATKOB MoxkeT ObITh Jr000# (10 Bo3MOkHOCTEH); nndpa paspsaa
COTeH MOXeT ObIThb J000i (10 Bo3MOkHOCTEi). MTak, COrIaCHO NpaBWIy MPOM3BEICHUS, BCEr0 HCKOMBIX YHCEI
9-10-10=900.

§2. Coueranusi, pa3mMeleHusi, NepecTaHOBKHU

Habop »nemMeHToB a;j,..., ax W3 MHOXecTBa M={a,,...,a,} OyaeM Ha3bIBaTh 8blOOPKOI (Kombunayueii) ooreMa k 3 n
JJIEMEHTOB.

Kaxxiass u3 OCHOBHBIX KOMOWHATOPHBIX ()OPMYJI ONpEACsieT OOIIee YMCIO Pa3InYHbIX BHIOOPOK, KOTOPHIE MOXKHO
MOJIy4UTh, BHIOUpAs Hayjady k 2JIEMEHTOB M3 7 Pa3JIMYHBIX SJIEMEHTOB HCXOJHOTO MHOXKECTBA A= {X1, X, ..., X, }.

HCO6XOHI/IMO YETKO pa3jnvarb ABC MPUHIUIIAAIBHO OTIMYHBIC CXCMbI B])I60pa: C BO3BpalllcHUEM U 663 BO3BpallCHUA
aneMeHTOB. Cxema 6vloopa ¢ eo3epauienuem (C nogmopenuem) CTPOUTCS TOTJA, €cii HAabop AJIEMEHTOB (BBIOOpKaA) B
TIPUHIIAIIE MOKET COJIEPKaTh OJIMHAKOBBIE 3IeMEHTHI. Ecin ske BEIOOpKa HE MOXKET CO/IEpKaTh OJMHAKOBBIE JIEMEHTHI, TO
HUMEET MECTO cxema evldopa He3 eo3zepauienus (6e3 noemopenus).

Kpome »sTOoro cremyer eine pa3inyaTh YIOPSJAOYCHHBIE M HEYIOPSJAOYCHHbIC BBIOOpKH. BbiOopka cumraercs
YHOPAOOUEHHOU, eCli CYUISCTBCHEH MOPSIOK CICJOBAHUS DIIEMEHTOB BHYTPH Hee. B MPOTHBHOM cliydae BbIOOpKa
CUUTACTCS HEynopsa0oueHHou. YNOpsI0UYeHHbIC BHIOOPKH, PAa3IMYAIONIMECS JIHIIb TOPSAKOM CIICAOBAHUS SJIEMEHTOB,
CUMTAIOTCSI pa3inuHbIMU. ECii yrnopsiioueHHOCTh Habopa He CieyeT HeMmOoCPEICTBEHHO M3 YCIIOBHS 33/1a4uu, HE0OOX0IMMO
MBICJICHHO MOMEHSTh MECTaMH JIOObIe [[Ba 3JIEMEHTa HabOpa M €Cli MO CMBICIY 3aJaud Habop He M3MEHWICS, TO OH
CUHUTACTCA HCYIIOPAAOUYCHHBIM.



Pazmewenusn Couemanus
BbIBOPKHU “
(YnopsiioueHHbIE — (HeynopsIOueHHbIE —
obbema k
BAXEH COCMAB U NOPSOOK) Ba)KEH TOJIBKO COCMAB)
bBe3 nosmopenuii i n! % n!
(BBIOMpAIOTCS W3 " (n=k) n Kl(n—k)"
1 PA3TUYHBIX DJIEMEHMO8
p ) n>k>0. n>k>0.
Ilepecmanoexu (k= n)
P =n!
C nosmopenuamu
P o, oot e _(nxk=D)!
(BBIOMpAIOTCS U3 DIIEMEHTOB A, =n 7= S = S ST
\n—-1).
1 PA3IUYHBIX COPMOS)

1. Beibopku, oTimyaromuecs Apyr OT APYra cocmagom SIIEMEHTOB WIH UX HOPAOKOM, KaKAas U3 KOTOPBIX COAEPKHUT k
3JIEMEHTOB, B3STBIX U3 1 PA3IUYHBIX DN€MEHINO08, HA3bIBAIOTCS pasmeuienuamu 6e3 nogmopenuil n3 n 3IeMeHTOB 110 k.

2. BrIOopkH, OTIMYAOIUecs APYr OT IpYyra cocmasom 3JEMEHTOB, KaXAas M3 KOTOPBIX COICPXKUT k 3JIEMEHTOB,
B3ATBIX U3 N PA3IUYHLIX DNEeMEeHmOo8, Ha3bIBAIOTCS couemanuamu 6e3 nogmopenuii n3 n 31eMeHToB 1o k. Ilopsmox
CJIEZIOBAHUS 3JIEMEHTOB HE YUUTHIBACTCA.

3, 4. Ecniit ipu cocTaBieHNH pa3MelIeHHH U COueTaHNi k 3JIEeMEHTOB BBIOMPATh HE M3 /1 PA3JIMYHBIX DJIEMEHTOB, a W3
COBOKYITHOCTH, COJIEpIKalllel 3JIEMEHTBl N pPAa3IuyHblX COPMmoO6, TO TOIYYUM BBIOOPKH, B KOTOPBIX 3JIE€MEHTHI MOTYT
MIOBTOPSTECH, T.€. PASMEU{CHUA U COUEMAHUA C NOGMOPEHUAMU.

5. BeiOopkH, Kaxaast U3 KOTOPBIX COACPKHT 1 PA3IULHBIX 9NIEMEHMOS, B3SATHIX B ONIPEAEICHHOM IIOpsAKE, Ha3bIBAIOTCS
nepecmanogéKamu V3 11 SIEMEHTOB. DTO YaCTHBIN CIIy4ail pa3MmelieHunid 0e3 TOBTOpeHuH, Koraa k = n.

6. BpiOopku, Kax/as U3 KOTOPBIX COOEPXKUT 7, DIEMEHT 1-ro Tuma, n, 3JI€MeHTa 2-ro TUMa, ..., #, 3JIE€MEHTOB m-

HOro THUIIA, B3ATBIX B ONPEACICHHOM IMOPSIAKE, HA3bIBAIOTCA REpPeCmaHO6KAMU C ROGMOpEHUAMU W3 n=n +..+n,
OJICMCHTOB.

Pazmewenusn 6e3 noemopenuii
Cronvkumu cnocobamu ModxicHO eblbpams k 00vekmoe uz MHOdCecmsa, cooepiicaujeco n 00vbekmos, npuiem k
00beKmMO8 Q0NACHBL 8bIOUPAMBCSL 8 ONPedeleHHOM NopsioKe. [[pyaumu cio8amu, CKOAbKUMU CROCOOAMU MOJICHO 8blOPAms U
pazmecmumy no k paznuunvim mecmam k uz n paziuinsix npeomemos?
Hucno pasmeleHnii 6e3 MOBTOPeHHiT U3 71 0OBEKTOB 10 k 0003HAYAIOT 4*. A — mepBas OyKkBa (paHIly3CKOro CI0Ba

arrangement, 4T0 O3HAYaET pa3MeELICHNE, IPHUBEICHUE B TIOPSIIOK.

CymecTByeT 7 crmoco0oB BbIOOpa mepBoro oobekra. [locme Toro xak oH BBIOpaH, octaetcs (n-1) crmoco® mist BeiOopa
BTOpOTO 00BekTa. [Toce BEIOOpa EpBOTO M BTOPOTO OOBEKTOB OcTaeTcs (1-2) crocoba Uit BEIOOpa TPEThero 00BEeKTa, H
BooOOIIIE TToCTe BEIOOpa 00BEKTOB OT mepBoro A0 (k-1)-ro ocraercs (n—k+1) cocob mist BeiOopa k-ro obwexTa. [1o mpasmmy
MIPOU3BENICHUS UMEEM:

n!

A =n(n—1)(n—2)~...~(n—k+l)=(n—k)!, n>k>0.

IIpumep. Ha Bropom kypce uzydaercs 14 mpeameToB. CKOJTBKIMH CITIOCOOaMU MOXHO COCTaBHUTH PACIMCAHHUE 3aHATUI
Ha Cy660Ty, €ClIn B 3TOT JACHb HCEACIU OOJIKHO 6LITL 5 Pa3INYHBIX 3aHATUH? PasnnyHBIX CHOCO60B COCTaBJICHUA
pacniucanusa, OYE€BHUAHO, CTOJIBKO, CKOJIBKO CYIIECTBYET IIATUIJICMEHTHBIX YIIOPAAOYCHHBIX IMOAMHOXECTB Yy
YCThIPHAANATHUDIICMCHTHOTI'O MHOXKCCTBA. CJ‘Ie,Z[OBaTeJ‘IBHO, YHCII0 CIIOCO00B PaBHO YHUCITY paSMeH.IeHI/Iﬁ u3 14 >1eMEHTOB I10
5,T.e. paBHO Ay, = 14 +13 +12 -11-10 = 240240.

Ilepecmanogku 6e3 nogmopenuil
Ecnu B pa3menienusx 6e3 MOBTOPEHUH pacCMOTPETh ciIydal k = 1, TO MBI IIOJIy9UM pa3MeLIeHHs, OTINYAIOIIHEcs IPyT
OT JApyra TOIbKO HOPSAAKOM DJJIEMEHTOB. JIpyrHMMH clOBaMH, BO3HHKAET BOIPOC: CKOMLKUMU CHOCOOAMU MOMCHO
nepecmasumy n pasiuiHslx NpeomMenos, pacnoloHCeHHbIX Ha N PAIUYHBIX Mecmax?
Yycno mepecTaHOBOK M3 71 BIEMEHTOB 0003HaudaroT 4epe3 P,. P- mepsas OykBa (hpaHIly3CKOTrO ClIOBa permutation —
TepecTaHoOBKa.
B o61em cityyae 4icio NepecTaHOBOK U3 71 DIIEMEHTOB P = 4", U, CIIE[I0BATENIbHO, Ero MOXKHO HAlTH 110 popmyJie:

Pn=A:=(”—!),=n(n—1)(n—2)...(n—n+1):ny
n—n):

Ilpumep. CKONBKO BCETO MICCTU3HAYHBIX YETHBIX YUCES MOXKHO COCTaBUTh U3 1udp 1, 3,4, 5, 7 1 9, eciu U3 3TUX
qrces HU OffHa He noBTopsercs. Ps=5!=1-2-3-4-5=120, Bcero MoxHO cocTaBUTh 120 yKa3aHHBIX YUCEI.

Couemanus 6e3 nosmopenuii
B pasmemnieHusix u3 n 3JIEMEHTOB 110 k, W3ydaeMble BEIOOPKH OTIMYAIOTCS APYT OT Jpyra JU00 3JeMEeHTaMH, 00 MX
NopsAKoM, 0o W TeM u JapyruM. Ecim Mbl He OyneM pasnuyarh BBIOOPKH, OTJIMYAIOIIHECS IPYr OT JpYyra TOJBKO
MOPSAKOM, TO NMPUAEM K KOMOWHAIIMAM, Pa3IMYAIONIMMCS TOJIBKO dJeMeHTaMH. UTak, ckoabKumu cnocobamu MONCHO
evlOpamsv  k 00vexmos uz MHoICECBA, COOEPI*CaAULe2o i 0ObEKMO8.
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Huciio Beex coueTaHuil U3 7 HIEMEHTOB 10 k 0003Havaetcs cuMBonoM C ¥ . C — nepsast OykBa (paHIly3CKOro cioBa
combinasion — coyetaHue.

W3 omnpenenenust coyeTaHWd CIleLyeT, YTO OHM OTJIMYAIOTCS JAPYT OT Jpyra TOJIbKO 3JieMeHTaMu. BbiOpath k u3 n
pasHbIX NPEAMETOB MOXKHO (¥ cmoco0amu, M B KaXIOM M3 BBIODAaHHBIX COYCTAHMHA MMeeTCs k! BO3MOXKHOCTEH
YIOPSAAOYUTE k TIPEAMETOB 3TOro codyeTaHus. [103ToMy, COMIaCHO NpaBWIly NPOW3BEACHHS, MMeeTcsl k! BO3MOXKHOCTEH
BBIOPATh U PA3MECTHUTB 110 kK PasHBIM MECTaM k Pa3sHBIX MPEAMETOB, TO €CTh A* = k!CF.

OTKyIa ciexyeT, 9TO YHCIIO COYSTaHWH U3 1 pa3HBIX IPEAMETOB 10 k B k! pa3 MeHbIIE Ynclia pa3MemeHuid 3 # 1o k,
TO €CTh

k
v A nn-D(n-2)..(n—k+1) n!
P k! kl'(n—k)!

n

®dopmyna A BEIYUCICHUS C’f npyu m060M 1enoM n>=0 u npu modom nenom 0<=k<=n (cumraercs, uro C," mmeer

KOMGI/IHaTOpHI)Iﬁ CMBICJI TOJIBKO ITPU 3TUX yCJ'IOBI/IHX)I

IIpumep. VI3 Tpynnsl B 25 4eN0OBEK HyXKHO BBIICIHTH 3 YEIOBEKA Ha JekKypcTBO. CKOMBKAME Pa3IHYHBIMU CIIOCOOaMU
? ! -24-
3TO MOYHO CII€NAaTh? 3 25! 23-24-25 =95.93.4=2300
31 221 1-2-3

Pazmewenusn ¢ nosmopenuamu
CronvKkumu cnocobamu ModjiCcHo 8blopame u pazmecmums no k paziuunvim mecmam k npeomemos uz co8oKynHoCmu

npeomMemos n pasnuuHblx COpmog?
—k
An = i’lk.
[TepBrIit a71eMEHT MOXeET OBITH BBIOpaH 71 CIIoco0aMH, BTOPOH 3IIEMEHT TaK)Ke MOXKET OBITh BHIOPAH 7 CIOCOOAMH M Tak
Jalnee, m i DEMEHT TakKe MOKET ObITh BEIOpaH n criocobamu. 110 IPUHIKITY MPOM3BEICHHS MOTydaeM 7" .
Pa3menieHus ¢ MOBTOPEHNUSIMA MOXHO PacCMaTpPUBATh U B CIIydae k>7.

IIpumep. CKONBKO MIECTH3HAYHBIX HOMEPOB MOKHO cOCTaBUTh u3 fecstu mudp 0, 1,2,3,4,5,6,7, 8, 9? 10°.

Couemanun c no6mopeHuAMU
Cronbkumu cnocobamu MONCHO 6blbOpamv k npeomemos u3 COBOKYNHOCMU NPeOMemo8 N PAa3IUYHbIX COpmMos?
O4eBuAHO, UTO OO0 MPeIMET MOKET BXOAUTh B KOMOMHAIIMIO HEKOTOPOE YUCII0 pa3 (He Oobiiee k).
CoueraHus ¢ MOBTOPEHUSIMHA MOXKHO pacCMaTpHUBAaTh U B ciIydae k>n.

. —k
UmKcao BO3MOXKHBIX Pa3IHUHBIX COYCTAHHIA C TMOBTOPCHHSMHU U3 71 AJIEMEHTOB IO k MPUHATO 0003Ha4aTh C,, U OHO
MOJKeT OBITh HalZICHO 10 popmyIte

; L (ntk=1)!
Cn= Cll:+k—l = Cl‘H-}i—l = ( ) .
K(n—1)!

Ilpumep. B xonautepckoit umeercs 7 BUAOB MUPOXHBIX. [lokymnarens Oeper 4 mupokHbIX. CKOIBKUMHE CIIOCO0aMU OH
MoxkeT 310 caenats? ([Ipeanomaraercs, 9To THPOKHBIX KAXKIOTO BUAA > 4).

10/ 7x8x9x10

= =210.
416! Ix2x3x4

4 _ 4
Yucno cnocobos Oyner C7,,, = Cjy =

Ilepecmanogku ¢ nosmopenuamu

ITpn mepecraHoBke OYKB B ciOBe «Tojmay moirydaercst Ps=5!=120 «cnoB». Ecim e mepectaBnsTe OyKBBI B CIIOBE
«TOTIOT», TO TTOJYYHUTCSI MEHBIIIE PA3IMYHBIX «CIJIOB)» ITOTOMY, YTO HH IIEPECTAHOBKA JBYX OYKB «T», HU IIEPECTaHOBKA JIBYX
OYKB «0» HE U3MEHSIOT «CJIOBa». MBI IMEEM 371€Ch JIENIO C IEPECTAHOBKAMH C IOBTOPEHHUSIMH.

ITpu pemeHny pa3IMYHBIX 331329 BO3HUKAET BOIIPOC O TOM, CKOIbKUMU CHOCODAMU MOJICHO NEpecmasgums n npeomemos
M pA3IUYHbIX MUNOS, KAXHCO020 MUNA COOMBEMCMEEHHO NO N, Ny, ...,H, OOUHAKOBLIX NPEOMEMO8, PACHOIONCEHHbIX HA N
PazIuUHbIX Mecmax?

Yuco BceX TakUX IIEPECTAaHOBOK C MMOBTOPEHUSAMHU NPHHATO 0003HAYate P (n,,n,,...,n, ) ¥ OHO MOXKET OBITh Hal/ICHO

o hopmyIe
P y=— ™ __cnen
a Py sees N, ) = 1 1 '_ n " n-n N nen—.—n,_|
n:n,..n, .
Hpumep. CKONBKAMH CIIOCO0aMU  MOKHO PpacroJIOKUTL B PpAd ABE 3€JICHBIE U YCETBIPC KpPACHLIC JIAMIIOYKH?
6!
P(2,4)=—=15
214!



